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A GRO¨BNER BASIS CHARACTERIZATION FOR CHORDAL
COMPARABILITY GRAPHS
HIDEFUMI OHSUGI AND TAKAYUKI HIBI
Abstract. In this paper, we study toric ideals associated with multichains of
posets. It is shown that the comparability graph of a poset is chordal if and only
if there exists a quadratic Gro¨bner basis of the toric ideal of the poset. Strong
perfect elimination orderings of strongly chordal graphs play an important role.
Introduction
An n×m integer matrix A = (a1, . . . , am) is called a configuration if there exists
c ∈ Rn such that aj · c = 1 for 1 ≤ j ≤ m. Let K[y1, . . . , ym] be a polynomial ring
in m variables over a field K. Given a configuration A, the binomial ideal
IA =
〈∏
bi>0
ybii −
∏
bj<0
y
−bj
j ∈ K[y1, . . . , ym] : b =

 b1...
bm

 ∈ Zm, Ab = 0
〉
is called the toric ideal of A. Any toric ideal is generated by homogeneous binomials,
and has a Gro¨bner basis consisting of homogeneous binomials. See [11, 20] for basics
on toric ideals. Each of the following is one of the most important and fundamental
problems on toric ideals:
(a) Is the toric ideal IA generated by quadratic binomials?
(b) Does there exist a monomial order such that a Gro¨bner basis of IA consists
of quadratic binomials?
Note that any Gro¨bner basis of IA is a set of generators of IA. These problems arise
in the study of Koszul algebras. The algebra K[y1, . . . , ym]/IA is said to be Koszul
if the minimal graded free resolution of K as a K[y1, . . . , ym]/IA-module is linear.
It is known that
IA has a quadratic Gro¨bner basis =⇒ K[y1, . . . , ym]/IA is Koszul
=⇒ IA is generated by quadratic binomials
holds in general. However, all of the converse implications are false. See, e.g., [17].
Problems (a) and (b) are studied for configurations arising from various kinds of
combinatorial objects. The following is a partial list of them:
(1) Toric ideals arising from order polytopes of finite posets [10];
(2) Toric ideals arising from cut polytopes of finite graphs [6, 14];
(3) Toric ideals of the vertex-edge incidence matrix of finite graphs [16, 17];
Key words and phrases. partially ordered sets, comparability graphs, strongly chordal graphs,
Gro¨bner bases, toric ideals.
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(4) Toric ideals arising from graphical models [5, 8];
(5) Toric ideals arising from matroids [2, 3, 12, 13].
In particular, one of the most famous open problems on toric ideals is White’s
conjecture [22]: He conjectured that the toric ideal arising from any matroid is
generated by some quadratic binomials.
In the present paper, we study toric ideals associated with multichains of posets.
Let d ≥ 2 be an integer and let P = {x1, . . . , xn} be a poset. We associate a
multichain C : xi1 ≤ xi2 ≤ · · · ≤ xid of length d − 1 with a (not necessarily (0, 1))
vector ρ(C) = ei1 + ei2 + · · ·+ eid ∈ Z
n, where ei is the ith unit vector in R
n. We
often regards C as a multiset {xi1 , xi2 , . . . , xid}. Let Md(P ) = {C1, . . . , Cm} be a
set of multichains of P of length d − 1. Then the toric ideal IMd(P ) of Md(P ) is
the toric ideal of the configuration (ρ(C1), . . . , ρ(Cm)). For example, if d = 3 and
P = {x1, x2, x3} is a poset whose maximal chains are x1 > x2 and x2 < x3, then the
corresponding configuration is
3 2 1 0 0 0 00 1 2 3 2 1 0
0 0 0 0 1 2 3

 .
For any d ≥ 2 and chain P = {x1, . . . , xn} of length n−1, it is known that IMd(P ) is
the toric ideal of the dth Veronese subring of a polynomial ring in n variables, and
IMd(P ) has a quadratic Gro¨bner basis. Thus, in general, IMd(P ) is a toric ideal of
a subconfiguration of the dth Veronese subring. There are several results on toric
ideals of subconfigurations of the dth Veronese subring: algebras of Veronese type
[20, Theorem 14.2] and algebras of Segre–Veronese type [17, 1]. However, the results
of the present paper are different from these results. The toric ideal of algebras of
Veronese / Segre–Veronese type has a squarefree initial ideal. On the other hand,
IMd(P ) has no squarefree initial ideal except for some trivial cases (Proposition 1.3).
This paper is organized as follows. In Section 1, it is shown that the comparability
graph of a poset is chordal if and only if there exists a quadratic Gro¨bner basis
of the toric ideal of the poset (Theorem 1.2). In order to construct a quadratic
Gro¨bner basis, the most difficult point is to find a suitable monomial order on a
polynomial ring. Strong perfect elimination orderings of strongly chordal graphs
play an important role in overcoming this difficulty. In Section 2, we apply the
results in Section 1 to a toric ring arising from a graph. Given a graph G, let AG be
the vertex-edge incidence matrix of G and let En be an identity matrix. It is proved
that the toric ideal of the configuration ( 2En | AG ) has a quadratic Gro¨bner basis
if and only if G is strongly chordal (Theorem 2.2).
1. A Gro¨bner basis characterization
In this section, we give the main theorem of this paper and its proof. First we
present a useful lemma.
Lemma 1.1. Let A = (a1, . . . , am) be a configuration. Suppose that ai1 + · · ·+air =
aj1 + · · ·+ ajr (r ≥ 3), where {i1, . . . , ir} ∩ {j1, . . . , jr} = ∅. If
aik + aiℓ = ap + aq ⇐⇒ {ik, iℓ} = {p, q}
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holds for any 1 ≤ k < ℓ ≤ r and 1 ≤ p, q ≤ m, then IA is not generated by quadratic
binomials.
Proof. Suppose that ai1 + · · · + air = aj1 + · · · + ajr (r ≥ 3), where {i1, . . . , ir} ∩
{j1, . . . , jr} = ∅. Then, A(ei1 + · · · + eir − ej1 − · · · − ejr) = 0, and hence,
yi1 · · · yir−yj1 · · · yjr belongs to IA. Let f = yi1 · · · yir−yj1 · · · yjr . Since {i1, . . . , ir}∩
{j1, . . . , jr} = ∅, f is a nonzero binomial (of degree r ≥ 3). If f is generated by
quadratic binomials in IA, then there exists a quadratic binomial g = yikyiℓ − ypyq
( 6= 0) belonging to IA such that 1 ≤ k < ℓ ≤ r and 1 ≤ p, q ≤ m. Since g belongs to
IA, we have aik + aiℓ = ap + aq. By assumption, {ik, iℓ} = {p, q}, and hence g = 0.
This is a contradiction. Thus, f is not generated by quadratic binomials in IA. 
Let G be a finite simple graph on the vertex set {v1, . . . , vn} whose edge set is
E(G). Given a vertex v of G, let N(v) denote the induced subgraph of G consisting
of all vertices adjacent to v. A vertex v of G is called simplicial in G if N(v) is a
clique in G. The ordering v1, . . . , vn of the vertices of G is called a perfect elimination
ordering of G if, for all i ∈ {1, 2, . . . , n−1}, the vertex vi is simplicial in the induced
subgraph of G on vertices vi, vi+1, . . . , vn. A graph G is called chordal if the length
of any induced cycle of G is three. It is known that a graph G is chordal if and only
if G has a perfect elimination ordering. Several interesting results on commutative
algebra related with chordal graphs are known (e.g., [5, 7, 9]). A perfect elimination
ordering v1, . . . , vn of a graph G is called a strong perfect elimination ordering if one
of the following equivalent conditions holds:
(i) If i < j < k < ℓ and {vi, vk}, {vi, vℓ}, {vj, vk} ∈ E(G), then {vj , vℓ} ∈ E(G);
(ii) If i < j and k < ℓ with {vi, vk}, {vi, vℓ}, {vj, vk}∈E(G), then {vj, vℓ}∈E(G).
A graph G is called strongly chordal if G has a strong perfect elimination ordering.
Let P = {x1, . . . , xn} be a poset. Then, the comparability graph GP of P is
a graph on the vertex set P such that {xi, xj} is an edge of GP if and only if
xi < xj or xj < xi. It is known that if GP is chordal, then GP is strongly chordal.
See, e.g., [4] for details. Suppose that the comparability graph GP of a poset P is
chordal. Assume that x1, . . . , xn is a strong perfect elimination ordering of GP . Let
Md(P ) = {C1, . . . , Cm}, where ρ(Ci) − ρ(Cj) = (0, . . . , 0, α
(i,j), . . .) with α(i,j) > 0
for all 1 ≤ i < j ≤ m. Recall that IMd(P ) ⊂ K[y1, . . . , ym] is the toric ideal of a
configuration (ρ(C1), . . . , ρ(Cm)), where each yi corresponds to Ci. Let <rev denote
the reverse lexicographic order induced by the ordering y1 < · · · < ym.
Now we are in the position to state the main theorem of the present paper.
Theorem 1.2. Let P be a poset. Then the following conditions are equivalent:
(i) The comparability graph GP of P is chordal.
(ii) The toric ideal IMd(P ) is generated by quadratic binomials for some d;
(iii) The toric ideal IMd(P ) has a quadratic Gro¨bner basis for some d;
(iv) The toric ideal IMd(P ) is generated by quadratic binomials for all d ≥ 2;
(v) The toric ideal IMd(P ) has a quadratic Gro¨bner basis for all d ≥ 2.
Proof. The implications (v) =⇒ (iv)=⇒ (ii) and (v) =⇒ (iii)=⇒ (ii) are trivial. We
will show (ii) =⇒ (i) and (i) =⇒ (v).
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(ii) =⇒ (i) Suppose that GP has an induced cycle C of length ≥ 4. Since GP is
a comparability graph, C is an even cycle. Let C = (x1, . . . , x2ℓ) with ℓ ≥ 2 and let
C1 = {x1, . . . , x1}, C2 = {x1, . . . , x1, x2}, C3 = {x2, x3, . . . , x3}, C4 = {x3, . . . , x3},
C2i+1 = {x2i−1, x2i, . . . , x2i} (2 ≤ i ≤ ℓ), C2i+2 = {x2i, . . . , x2i, x2i+1} (2 ≤ i ≤ ℓ−1),
and C2ℓ+2 = {x2ℓ, . . . , x2ℓ, x1} be multichains in Md(P ). Then, we have
ℓ+1∑
k=1
ρ(C2k−1) = de1 + e2 + (d− 1)e3 +
ℓ∑
i=2
(e2i−1 + (d− 1)e2i)
= (d− 1)e1 + e2 + de3 +
(
ℓ−1∑
i=2
((d− 1)e2i + e2i+1)
)
+ (d− 1)e2ℓ + e1
=
ℓ+1∑
k=1
ρ(C2k).
Since C is an induced cycle of GP , it follows that, for C
′, C ′′ ∈ Md(P ), ρ(Ci) +
ρ(Cj) = ρ(C
′) + ρ(C ′′) if and only if {Ci, Cj} = {C
′, C ′′}. By Lemma 1.1, IMd(P ) is
not generated by quadratic binomials.
(i) =⇒ (v) Let G be the reduced Gro¨bner basis of IMd(P ) with respect to the
reverse lexicographic order <rev defined as above. Suppose that there exists a bi-
nomial g = yu1 · · · yuβ − yv1 · · · yvβ ∈ G of degree β ≥ 3 whose initial monomial is
yu1 · · · yuβ . By [20, Lemma 4.6], it follows that {u1, . . . , uβ}∩{v1, . . . , vβ} = ∅. Since
g belongs to IMd(P ), we have
∑β
i=1 ρ(Cui) =
∑β
i=1 ρ(Cvi). Let yk be the smallest
variable in g. Then, k ∈ {v1, . . . , vβ}. Let Ck = {xi1 , . . . , xid}, where i1 ≤ · · · ≤ id.
Since −ρ(Ck) +
∑β
i=1 ρ(Cui) is nonnegative and since yk is the smallest variable
in g, there exists a variable yk1 such that Ck1 = {xi1 , . . . xip , xℓ1 , . . . , xℓq} (i1 ≤ · · · ≤
ip ≤ ℓ1 ≤ · · · ≤ ℓq, 1 ≤ p < d, and ip+1 < ℓ1) and that k1 ∈ {u1, . . . , uβ}. Since
xi1 is simplicial, it follows that P
′ = {xi1 , . . . , xid , xℓ1 , . . . , xℓq} is a multichain of
P . On the other hand, since −ρ(Ck1) − eip+1 +
∑β
i=1 ρ(Cui) is nonnegative, there
exists a variable yk2 such that Ck2 = {xip+1, xj2 , . . . , xjd} (j2 ≤ · · · ≤ jd) and that
yk1yk2 divides yu1 · · · yuβ . Since yk < yk2, we have i1 ≤ ip+1, j2, and in addition, at
least one of ip+1 and jd is greater than i1. It is enough to show that there exists a
quadratic binomial f ( 6= 0) in IMd(P ) whose initial monomial is yk1yk2, which yields
a contradiction.
Case 1. (i1 ∈ {ip+1, j2}.) Since xi1 is simplicial and since
i1 = min{i1, . . . , ip, ℓ1, . . . , ℓq} = min{ip+1, j2, . . . , jd},
{xi1 , . . . , xip, xℓ1 , . . . , xℓq} ∪ {xip+1 , xj2, . . . , xjd} is a multichain of P . Let α1, . . . , α2d
be integers such that α1 ≤ · · · ≤ α2d and
{xi1 , . . . , xip, xℓ1 , . . . , xℓq , xip+1, xj2 , . . . , xjd} = {xα1 , . . . , xα2d}
as multisets. Then, f = yk1yk2 − yk3yk4, where Ck3 = {xα1 , . . . , xαd} and Ck4 =
{xαd+1 , . . . , xα2d}, belongs to IMd(P ). Suppose that f = 0. Then, either i1 = · · · =
ip = ℓ1 = · · · = ℓq or i1 = ip+1 = j2 = · · · = jd. Since ip ≤ ip+1 < ℓ1, we have
i1 = ip+1 = j2 = · · · = jd. This contradicts the fact that at least one of ip+1 and jd
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is greater than i1. Thus, f is nonzero. Since the smallest variable appearing in f is
yk3, the initial monomial of f is yk1yk2.
Case 2. (i1 /∈ {ip+1, j2}.) Suppose that ip+1 = j2 = · · · = jd. Since i1 < ip+1 =
j2 = · · · = jd < ℓ1, it follows that f = yk1yk2 − yk3yk4 ∈ IMd(P ) is nonzero, where
Ck3 = {xi1 , . . . , xip , xip+1, . . . , xip+1} and Ck4 = {xip+1 , . . . , xip+1 , xℓ1 , . . . , xℓq}. Since
the smallest variable appearing in f is yk3, the initial monomial of f is yk1yk2.
Therefore, there exists js such that ip+1 6= js.
Suppose that js = ℓ1 = · · · = ℓq. Since ip+1 < ℓ1 and i1 < j2, it follows that
f = yk1yk2−yk3yk4 ∈ IMd(P ) is nonzero, where Ck3 = {xi1 , . . . , xip , xip+1, xℓ1 , . . . , xℓ1}
and Ck4 = {xℓ1 , xj2, . . . , xjd}. Since the smallest variable appearing in f is yk3 , the
initial monomial of f is yk1yk2. Therefore, there exists ℓt such that ℓt 6= js.
Thus, i1, ip+1, js, and ℓt are distinct integers such that i1 < js, ip+1 < ℓt, and
that {xi1 , xip+1}, {xi1 , xℓt}, and {xip+1 , xjs} are edges of GP . Since x1, . . . , xn is a
strong perfect elimination ordering, {xjs, xℓt} is an edge of GP . We now show that,
for any 2 ≤ s′ ≤ d, xjs′ and xℓt are comparable. We may assume that ℓt 6= js′. If
js′ = ip+1, then xjs′ and xℓt are comparable since P
′ is a multichain. If js′ 6= ip+1,
then xjs′ and xℓt are comparable by the same argument of js. Thus, xjs′ and xℓt
are comparable, and hence {xℓt , xj2 , . . . , xjd} is a multichain of P . Since ip+1 6= ℓt
and i1 < j2, it follows that f = yk1yk2 − yk3yk4 ∈ IMd(P ) is nonzero, where Ck3 =
{xi1 , . . . , xip, xip+1 , xℓ1 , . . . , xℓt−1 , xℓt+1, . . . , xℓq} and Ck4 = {xℓt , xj2, . . . , xjd}. Since
the smallest variable appearing in f is yk3, the initial monomial of f is yk1yk2. 
Let A be a configuration. The initial ideal of IA is an ideal generated by the initial
monomial of the nonzero polynomials in IA. It is known that, if IA has a squarefree
initial ideal, then K[y1, . . . , ym]/IA is normal. See [11, 20]. The toric ideals of alge-
bras of Veronese type [20, Theorem 14.2] and algebras of Segre–Veronese type [17, 1]
have a squarefree initial ideal. On the other hand, IMd(P ) has no squarefree initial
ideal except for some trivial cases. Let P be a poset with Md(P ) = {C1, . . . , Cm},
and let
ZAP =
{
m∑
i=1
ziρ(Ci) : zi ∈ Z
}
,
Z≥0AP =
{
m∑
i=1
ziρ(Ci) : 0 ≤ zi ∈ Z
}
,
Q≥0AP =
{
m∑
i=1
qiρ(Ci) : 0 ≤ qi ∈ Q
}
.
It is known [20, Theorem 13.5] that K[y1, . . . , ym]/IMd(P ) is normal if and only if
Z≥0AP = ZAP ∩Q≥0AP . Proposition 1.3 shows that IMd(P ) is different from known
classes of toric ideals associated with subconfigurations of Veronese subrings.
Proposition 1.3. Let P be a poset. Then, the following conditions are equivalent:
(i) P is a disjoint union of chains;
(ii) IMd(P ) is the toric ideal of the tensor product of the Veronese subrings;
(iii) IMd(P ) has a squarefree initial ideal;
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(iv) K[y1, . . . , ym]/IMd(P ) is normal.
Moreover, the normalization of K[y1, . . . , ym]/IMd(P ) is the tensor product of the
Veronese subrings.
Proof. The implication (ii) =⇒ (iii) =⇒ (iv) is known. We will show (i) =⇒ (ii)
and (iv) =⇒ (i). If P is a disjoint union of posets P1 and P2, then Md(P ) is
the disjoint union of Md(P1) = {C1, . . . , Cℓ} and Md(P2) = {Cℓ+1, . . . , Cm}. It
then follows that K[y1, . . . , ym]/IMd(P ) is the tensor product of K[y1, . . . , yℓ]/IMd(P1)
and K[yℓ+1, . . . , ym]/IMd(P2). Thus, we may assume that P is connected, i.e., the
comparability graph G of P is connected.
(i) =⇒ (ii) Suppose that P is a chain. Then, IMd(P ) is the toric ideal of the d-th
Veronese subrings.
(iv) =⇒ (i) Since G is connected, for each 1 ≤ j < k ≤ n, there exists a walk xj =
xi0 , xi1 , . . . , xir = xk in G. Then, −ej+ek = dei1+· · ·+deir−
∑r
s=1(eis−1+(d−1)eis)
belongs to ZAP . Hence, it follows that
ZAP =
{
(z1, . . . , zn)
T ∈ Zn :
n∑
i=1
zi = d
}
.
Moreover, since de1, . . . , den belong to {ρ(C1), . . . , ρ(Cm)}, we have
Q≥0AP =
{
(q1, . . . , qn)
T ∈ Qn : q1, . . . , qn ≥ 0
}
.
Thus,
ZAP ∩Q≥0AP =
{
(z1, . . . , zn)
T ∈ Zn : z1, . . . , zn ≥ 0,
n∑
i=1
zi = d
}
.
If xj and xk is not comparable, then (d − 1)ej + ek belongs to ZAP ∩ Q≥0AP , and
does not belong to Z≥0AP . Hence K[y1, . . . , ym]/IMd(P ) is not normal.
On the other hand, ZAP ∩Q≥0AP = Z≥0AP ′, where P
′ is a chain of length n− 1.
Hence, the normalization of K[y1, . . . , ym]/IMd(P ) is the d-th Veronese subring. 
2. The toric ideal IM2(P ) and edge rings
In this section, we give some examples and remarks. In particular, we apply the
results in Section 1 to a toric ring arising from a graph.
Example 2.1. The following binomials form a Gro¨bner basis of IM2(P ) with respect
to <rev appearing in the proof of Theorem 1.2:
yiℓyjk − yikyjℓ (i < j < k < ℓ and {xi, xℓ}, {xj , xk}, {xi, xk}, {xj, xℓ} ∈ M2(P ))
yiℓyjk − yijykℓ (i < j < k < ℓ and {xi, xℓ}, {xj , xk}, {xi, xj}, {xk, xℓ} ∈ M2(P ))
yikyjℓ − yijykℓ (i < j < k < ℓ and {xi, xk}, {xj, xℓ}, {xi, xj}, {xk, xℓ} ∈ M2(P ))
yijyik − yiiyjk (i < j < k and {xi, xj , xk} ∈ M3(P ))
yjjyik − yijyjk (i < j < k and {xi, xj , xk} ∈ M3(P ))
yikyjk − ykkyij (i < j < k and {xi, xj , xk} ∈ M3(P ))
y2ij − yiiyjj (i < j and {xi, xj} ∈ M2(P )),
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where each variable yij corresponds to {xi, xj} ∈ M2(P ). The initial monomial of
each binomial is the first monomial.
Let G be a simple graph and let AG be the vertex-edge incidence matrix of G.
The toric ideal IAG of AG is referred to as the toric ideal of the edge ring of the
simple graph G and has been well studied (e.g., [16, 17, 21]). In particular, a graph
theoretical characterization for IAG generated by quadratic binomials is given in [17,
Theorem 1.2]. Let AG = ( 2En | AG ), where En is an identity matrix. Then,
we can regard AG as a configuration arising from a non-simple graph whose edge
set is E(G) ∪ L, where L is the set of loops at vertices of G. The edge rings of
non-simple graphs are studied in, e.g., [15]. See also [19, Remark 4.18]. If G is the
comparability graph of a poset P , then IM2(P ) = IAG holds. The discussion in the
proof of Theorem 1.2 shows the following:
Theorem 2.2. Let G be a graph. Then the following conditions are equivalent:
(i) G is strongly chordal;
(ii) IAG has a quadratic Gro¨bner basis;
(iii) IAG is generated by quadratic binomials.
Proof. The discussion in proof of Theorem 1.2 shows that (i) =⇒ (ii). In addition,
(ii) =⇒ (iii) holds in general. Hence, it is enough to show (iii) =⇒ (i). Suppose
that IAG is generated by quadratic binomials. From the proof of Theorem 1.2, it
follows that G has no induced even cycles. Suppose that G has an induced odd cycle
C = (v1, v2, . . . , v2ℓ+1) of length 2ℓ + 1 ≥ 5. Since C has no chords, (e1 + e2ℓ+1) +∑ℓ
k=1(e2k−1 + e2k) = 2e1 +
∑ℓ
k=1(e2k + e2k+1) satisfies the condition in Lemma 1.1,
which is a contradiction. Thus, G is chordal. Suppose that G is not strongly chordal.
By [4, Theorem 7.2.1], a sun graph Sℓ (ℓ ≥ 3) is an induced subgraph of G. Here Sℓ
is a graph whose edge set is E(Sℓ) = {{v1, v2}, {v2, v3}, . . . , {v2ℓ−1, v2ℓ}, {v1, v2ℓ}} ∪
E(G′), where G′ is a graph on the vertex set {v2, v4, . . . , v2ℓ}. Since {v1, v3, . . . , v2ℓ−1}
is independent in G,
∑ℓ
k=1(e2k−1+e2k) = (e1+e2ℓ)+
∑ℓ−1
k=1(e2k+e2k+1) satisfies the
condition in Lemma 1.1, which is a contradiction. Therefore, G is strongly chordal,
as desired. 
Example 2.3. Let G be the comparability graph of a poset P = {x1, x2, x3, x4, x5}
whose maximal chains are x1 < x2 < x3 and x1 < x4 < x5. Then G is strongly
chordal. However, the toric ideal IAG is a principal ideal generated by a binomial
of degree 3. This example shows that, if we define Md(P ) as the set of all chains
xi1 < · · · < xid of P , then the statement of Theorem 1.2 does not hold.
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